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Abstract

This paper describes a sparse ð4n £ 4nÞ formulation for the solution of power flow problem, comprising 2n current injection equations

written in rectangular coordinates plus the set of control equations. This formulation has the same convergence characteristics of the

conventional Newton power flow problem, expressed in terms of power mismatches written in polar coordinates and can be reduced to a

ð2n £ 2nÞ formulation plus the control equations. It is best suited to the incorporation of flexible AC transmission system devices and controls

of any kind. Complex user-defined control functions, involving the participation of several regulating devices, can be directly introduced as

power flow control data. The results presented validate the proposed method.

q 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

The power flow problem deals with solving the set of

non-linear algebraic equations which represent the net-

work under steady state conditions. Over the last years,

many algorithms have been developed regarding voltage

stability tools [1–3], more advanced solution techniques

[4] and the representation of both the more realistic

modeling of power system components [5] and the recent

technology devices [6,7].

In Ref. [5] is presented a static model for synchronous

generators with voltage dependent reactive power limits due

to the maximum stator current, maximum and minimum

rotor current as well as maximum rotor angle limiters. This

generator model is included in an ordinary power flow

program.

In Ref. [6] is discussed the modeling of flexible AC

transmission system (FACTS) devices for power flow

studies and the role of that modeling in the study of

FACTS devices for power flow control. Three generic types

of FACTS devices are suggested and the integration of those

devices into power flow studies is illustrated.

Generalized nodal admittance models are presented in

Ref. [7] for series compensators, phase shifters interphase

power controllers and unified power flow controllers,

regarding to the insertion in a Newton–Raphson power

flow program.

In Ref. [8] is presented a new procedure for the solution

of power flow problem, by using the current injection

equations written in rectangular coordinates. From this

formulation it is possible to obtain the same convergence

characteristics of the conventional power flow expressed in

terms of power mismatches and written in polar coordinates.

The set of controls and devices studied in Ref. [8] includes

the representation of the voltage dependent load, load tap

changing transformer and phase shifter transformer.

In Ref. [9] the static var compensator (SVC) is

represented by adding a fictitious PV bus to the system

with a fixed voltage equal to the SVC reference voltage.

This fictitious bus is connected to the physical SVC-bus

through a slope reactance.

The objective of this paper is to incorporate other control

devices, by using the augmented formulation presented in

Ref. [8]. The set of control devices studied includes the

representation of P (only active power specified) and PQV

(load bus in which the voltage is remotely controlled) buses,
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static var compensators, thyristor controlled series compen-

sation (TCSC) and reactive limits at a generation bus. User-

defined control functions involving the participation of

a combination of these devices can be incorporated into the

power flow model.

2. The augmented formulation

The augmented formulation uses current injection

equations expressed in terms of rectangular coordinates

of voltage buses, for both PQ and PV buses [8]. The

calculation of real and imaginary current mismatches is

straightforward for PQ buses, because of real and

reactive power mismatches are known. For PV buses the

reactive power mismatch is unknown and it is treated in

this formulation as a dependent variable. Then an

additional equation is introduced in order to set the

over-determination of the system of equations as

follows:

V2
k ¼ V2

rk
þ V2

mk
ð1Þ

By linearizing Eq. (1) yields:

DVk ¼
Vrk

Vk

DVrk
þ

Vmk

Vk

DVmk
ð2Þ

Thus, for each PV bus there are three equations and

variables DVrk
; DVrm

and DQk:

The voltage angle at a bus k can be expressed by:

uk ¼ tg21 Vmk

Vrk

ð3Þ

Whose linearized form is:

Duk ¼
Vrk

V2
k

DVmk
2

Vmk

V2
k

DVrk
ð4Þ

The mathematical model is then written in the following

matrix form [8]:

0

DuV

2
6666666666664

3
7777777777775

¼

Yp B

C 0

2
6666666666664

3
7777777777775

DVrm

DPQ

2
6666666666664

3
7777777777775

ð5Þ

The Yp matrix blocks have the following structure:

Yp
kk ¼

B0
kk G0

kk

G00
kk B00

kk

" #
Yp

km ¼
Bkm Gkm

Gkm 2Bkm

" #

B0
kk ¼ Bkk 2 ak ð6Þ

G0
kk ¼ Gkk 2 bk ð7Þ

G00
kk ¼ Gkk 2 ck ð8Þ

B00
kk ¼ 2Bkk 2 dk ð9Þ

The parameters ak; bk; ck and dk are presented in Appendix

A of Ref. [8].

The matrices B and C have a block-diagonal structure

B¼

B1

B2

. .
.

Bn

2
66666664

3
77777775

C¼

C1

C2

. .
.

Cn

2
66666664

3
77777775

Nomenclature

n number of buses

h iteration counter

DPk þ jDQk complex power mismatch at bus k

PGðkÞ
þ jQGðkÞ

generated complex power at bus k

PLðkÞ
þ jQLðkÞ

complex load at bus k

Pk þ jQk net complex injected power at bus k

Pcalc
k þ jQcalc

k calculated complex power at bus k

Vrk
þ jVmk

complex voltage at bus k

uk; Vk voltage angle and magnitude at bus k

Gkj þ jBkj ðk; jÞth element of bus admittance matrix

Du; DV voltage angle and magnitude corrections

rkj þ jxkj series impedance of line ðk –jÞ

akj transformer tap from bus k to bus j

ykj series admittance of line ðk –jÞ

dk load angle associated to the bus k

xq quadrature-axis synchronous reactance
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where:

Bi ¼

2Vmi

V2
i

Vri

V2
i

2Vri

V2
i

2Vmi

V2
i

2
66664

3
77775 Ci ¼

2Vmi

V2
i

Vri

V2
i

Vri

Vi

Vmi

Vi

2
66664

3
77775

DuV ¼ ½Du1 DV1 Du2 DV2 · · · Dun DVn �
t

DPQ ¼ ½DP1 DQ1 DP2 DQ2 · · · DPn DQn �
t

DVrm ¼ ½DVr1
DVm1

DVr2
DVm2

· · · DVrn
DVmn

�t

The voltage buses updates are given by:

DðhÞ
uV ¼CðhÞ

DVðhÞ
rm ð10Þ

The new solution is given by:

Vðhþ1Þ ¼VðhÞ þDVðhÞ ð11Þ

uðhþ1Þ ¼ uðhÞ þDuðhÞ ð12Þ

As shown in Ref. [8], the step 1 of the solution algorithm for

ð4n£4nÞ augmented formulation is equivalent to ð2n£2nÞ

formulation plus control equations.

3. Remote voltage control and secondary voltage

control models

A generation bus (P bus) can be used to control the

voltage at a remote bus (PQV bus) by assuming the voltage

at the P bus as the unknown and specifying the voltage at the

PQV bus. In this case, the voltage constraint equation

related to the PQV bus must be included into the Jacobian

matrix.

On the other hand, if various P buses (say NP ) are

assumed to control a single PQV bus voltage, then (NP 2 1)

additional equations are required to yield a unique solution,

where each equation describes the MVAr participation

factors among the P buses, as follows

QGðiÞ
2 akQGðjÞ

¼ 0 ð13Þ

where i and j denote P buses, k ¼ 1; 2;…; ðNP 2 1Þ

QGðiÞ
¼ Qi þ QLðiÞ

ð14Þ

Thus, Eq. (13) is linearized as shown below:

DQ0 ¼ DQðiÞ 2 akDQðjÞ ð15Þ

where:

DQ0 ¼ QLðiÞ
þ akQLðjÞ

2 ðQcalc
i 2 akQcalc

j Þ ð16Þ

The augmented system of equations is then modified to

incorporate Eq. (16). In addition, the voltage constraint

equation for the PQV bus must be introduced

0

DuV

DQ0

2
6666666666664

3
7777777777775
¼

Yp B

C D

2
6666666666664

3
7777777777775
¼

DVrm

DPQ

2
6666666666664

3
7777777777775

ð17Þ

where:

D ¼

D1

D2

..

.

Dn

2
66666664

3
77777775

For all PQ, PV and PQV buses:

Dk ¼ ½0�

For remote voltage control (only one P bus i ) one has:

Ci ¼

2Vmi

V2
i

Vri

V2
i

Vrl

Vl

Vml

Vl

2
66664

3
77775 Di ¼

· · · 0 · · · 0 · · ·

· · · 0 · · · 0 · · ·

" #

For secondary voltage control (NP 2 1 P buses j ) one has

Cj ¼

2Vmj

V2
j

Vrj

V2
j

0 0

2
664

3
775 Dj ¼

· · · 0 · · · 0 · · ·

· · · 1 · · · 2ak · · ·

" #

where l denotes PQV bus and the non-zero values in matrix

Dj occur in the columns i and j.

3.1. Illustration example

3.1.1. Remote voltage control by a single reactive source

In Fig. 1 suppose the voltage at bus 2 is remotely

controlled by reactive power at bus 4, and bus 3 is assumed

to be a PQ bus type. Bus 1 is the slack bus. The linear system

of equations related to the solution algorithm step 1,

Fig. 1. Four-bus test system.
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presented in Ref. [8], is given by Eq. (18).

3.1.2. Remote voltage control by multiple reactive sources

Now, assume the reactive power sources at buses 3 and 4

are supposed to control the voltage at bus 2. In this case, the

participation factor, which establishes the relationship

between the reactive power sources must be specified,

leading to:

QGð3Þ
¼ a1QGð4Þ

ð19Þ

The linear system of equations related to the solution

algorithm step 1, presented in Ref. [8], is given by Eq. (21),

where:

DQ000
1 ¼ 2QLð3Þ

þ a1QLð4Þ
ð20Þ

0

0

0

DP2

DQ2

0

0

DP3

DQ3

0

0

DP4

0

2
666666666666666666666666666666666666666666666666666664

3
777777777777777777777777777777777777777777777777777775

¼

B0
22 G0

22

2Vm2

V2
2

Vr2

V2
2

B23 G23 0 0 B24 G24 0 0

G00
22 B00

22

2Vr2

V2
2

2Vm2

V2
2

G23 2B23 0 0 G24 2B24 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

B32 G32 0 0 B0
33 G0

33

2Vm3

V2
3

Vr3

V2
3

G32 2B32 0 0 G00
33 B00

33

2Vr3

V2
3

2Vm3

V2
3

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

B42 G42 0 0 B0
44 G0

44

2Vm4

V2
4

Vr4

V2
4

G42 2B42 0 0 G00
44 B00

44

2Vr4

V2
4

2Vm4

V2
4

0 0 0 0 0 0 1 0

Vr2

V2

Vm2

V2

0 0 0 0 0 0

2
666666666666666666666666666666666666666666666666666664

3
777777777777777777777777777777777777777777777777777775

DVr2

DVm2

DP2

DQ2

DVr3

DVm3

DP3

DQ3

DVr4

DVm4

DP4

DQ4

2
666666666666666666666666666666666666666666666666666664

3
777777777777777777777777777777777777777777777777777775

ð18Þ

0

0

DP2

DQ2

0

0

DP3

0

0

0

DP4

DQ000
1

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

¼

B0
22 G0

22

2Vm2

V2
2

Vr2

V2
2

B23 G23 0 0 B24 G24 0 0

G00
22 B00

22

2Vr2

V2
2

2Vm2

V2
2

G23 2B23 0 0 G24 2B24 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

B32 G32 0 0 B0
33 G0

33

2Vm3

V2
3

Vr3

V2
3

G32 2B32 0 0 G00
33 B00

33

2Vr3

V2
3

2Vm3

V2
3

0 0 0 0 0 0 1 0

Vr2

V2

Vm2

V2

0 0 0 0 0 0

B42 G42 0 0 B0
44 G0

44

2Vm4

V2
4

Vr4

V2
4

G42 2B42 0 0 G00
44 B00

44

2Vr4

V2
4

2Vm4

V2
4

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1 0 0 0 2a1

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

DVr2

DVm2

DP2

DQ2

DVr3

DVm3

DP3

DQ3

DVr4

DVm4

DP4

DQ4

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

ð21Þ
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4. The static var compensator model

The steady state voltage £ reactive power character-

istics for an SVC is shown in Fig. 2. The linear control

range lies within the limits determined by the maximum

susceptance of the reactor and the total susceptance

determined by the capacitor banks in service and the filter

capacitance [10,11].

Within the linear control range the SVC is equivalent to

a voltage source in series with a slope reactance Xs as

follows

Vk ¼ V0 þ XsIk ð22Þ

where k denotes the bus at which the SVC is installed.

From Fig. 2

Vk ¼ V0 þ rkQGðkÞ
ð23Þ

where:

V0 ¼
Vmax

k Qmax
GðkÞ

2 Vmin
k Qmin

GðkÞ

Qmax
GðkÞ

2 Qmin
GðkÞ

ð24Þ

rk ¼
Vmin

k 2 Vmax
k

Qmax
GðkÞ

2 Qmin
GðkÞ

ð25Þ

For QGðkÞ
. Qmax

GðkÞ
the SVC behaves as a capacitor and the

corresponding reactive power is given by:

QGðkÞ
¼

Qmax
GðkÞ

ðVmin
k Þ2

V2
k ð26Þ

For QGðkÞ
, Qmin

GðkÞ
the SVC behaves as a reactor and the

corresponding reactive power is given by:

QGðkÞ
¼

Qmin
GðkÞ

ðVmax
k Þ2

V2
k ð27Þ

Eqs. (23), (26) and (27) are linearized and the voltages

are expressed in rectangular coordinates. Thus, Eq. (23)

leads to

DV 0
k ¼

Vrk

Vk

DVrk
þ

Vmk

Vk

DVmk
þ rkDQk ð28Þ

where:

DV 0
k ¼ V0 þ rkðQLðkÞ

þ QkÞ2 Vk ð29Þ

Eq. (26) leads to

DQ0
kmax ¼ 2

Qmax
GðkÞ

ðVmin
k Þ2

VrkDVrk þ 2
Qmax

GðkÞ

ðVmin
k Þ2

Vmk
DVmk

2 DQk

ð30Þ

where:

DQ0
k

max ¼ QLðkÞ
þ Qk 2

Qmax
GðkÞ

ðVmin
k Þ2

V2
k ð31Þ

Eq. (27) leads to

DQ0
k

min ¼ 2
Qmin

GðkÞ

ðVmax
k Þ2

Vrk
DVrk

þ 2
Qmin

GðkÞ

ðVmax
k Þ2

Vmk
DVmk

2 DQk

ð32Þ

where:

DQ0
k

min ¼ QLðkÞ
þ Qk 2

Qmin
GðkÞ

ðVmax
k Þ2

V2
k ð33Þ

The implementation procedure is similar to that used for

the PV bus. Instead of using the voltage constraint

equation, either one of Eqs. (28), (30) and (32) is used

depending on the SVC operating point.

4.1. Illustration example

In Fig. 3, suppose a SVC connected at bus 3 to control the

voltage at bus 2, say V
sp
2 : The linear system of equations

Fig. 2. Voltage £ reactive power characteristic.

Fig. 3. Topology for incorporation of SVC.
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related to the solution algorithm step 1, presented in Ref. [8],

is given by:

If the SVC is operating as a capacitor, then the linear system

of equations becomes

0

0

DP2

DQ2

0

0

DP3

DV 0
2

0

0

DP4

0

2
66666666666666666666666666666666666666666666666664

3
77777777777777777777777777777777777777777777777775

¼

B0
22 G0

22

2Vm2

V2
2

Vr2

V2
2

B23 G23 0 0 B24 G24 0 0

G00
22 B00

22

2Vr2

V2
2

2Vm2

V2
2

G23 2B23 0 0 G24 2B24 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

B32 G32 0 0 B0
33 G0

33

2Vm3

V2
3

Vr3

V2
3

G32 2B32 0 0 G00
33 B00

33

2Vr3

V2
3

2Vm3

V2
3

0 0 0 0 0 0 1 0

Vr2

V2

Vm2

V2

0 r2 0 0 0 0

B42 G42 0 0 B0
44 G0

44

2Vm4

V2
4

Vr4

V2
4

G42 2B42 0 0 G00
44 B00

44

2Vr4

V2
4

2Vm4

V2
4

0 0 0 0 0 0 1 0

0 0 0 0
Vr4

V4

Vm4

V4

0 0

2
66666666666666666666666666666666666666666666666664

3
77777777777777777777777777777777777777777777777775

DVr2

DVm2

DP2

DQ2

DVr3

DVm3

DP3

DQ3

DVr4

DVm4

DP4

DQ4

2
66666666666666666666666666666666666666666666666664

3
77777777777777777777777777777777777777777777777775

ð34Þ

0

0

DP2

DQ2

0

0

DP3

DQ
0max
2

0

0

DP4

0

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

¼

B0
22 G0

22

2Vm2

V2
2

Vr2

V2
2

B23 G23 0 0 B24 G24 0 0

G00
22 B00

22

2Vr2

V2
2

2Vm2

V2
2

G23 2B23 0 0 G24 2B24 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

B32 G32 0 0 B0
33 G0

33

2Vm3

V2
3

Vr3

V2
3

G32 2B32 0 0 G00
33 B00

33

2Vr3

V2
3

2Vm3

V2
3

0 0 0 0 0 0 1 0

f2Vr2
f2Vm2

0 21 0 0 0 0

B42 G42 0 0 B0
44 G0

44

2Vm4

V2
4

Vr4

V2
4

G42 2B42 0 0 G00
44 B00

44

2Vr4

V2
4

2Vm4

V2
4

0 0 0 0 0 0 1 0

0 0 0 0
Vr4

V4

Vm4

V4

0 0

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

DVr2

DVm2

DP2

DQ2

DVr3

DVm3

DP3

DQ3

DVr4

DVm4

DP4

DQ4

2
6666666666666666666666666666666666666666666666664

3
7777777777777777777777777777777777777777777777775

ð35Þ

A.M. Variz et al. / Electrical Power and Energy Systems 25 (2003) 501–513506



where:

fk ¼ 2
Qmax

GðkÞ

ðVmin
k Þ2

ð36Þ

5. Thyristor controlled series compensation model

The TCSC has both electromechanical stability and

power flow control duties. In the latter case, it is used to

regulate the power flow through a specified line. The TCSC

control model studied here is referred to in the literature as

constant line power control. Assume the TCSC is connected

between buses k and j to control the active power flow Pkj

through changes in the line reactance xkj: Thus, the

linearized equation of Pkj needs be introduced into the

Jacobian matrix, as follows

0

DuV

DPkj

2
66666664

3
77777775

Y
p

B E

C 0 0

Dt 0t F

2
66666664

3
77777775

DVrm

DPQ

Dxkj

2
66666664

3
77777775

ð37Þ

where

D ¼ · · ·
›Pkj

›Vrk

›Pkj

›Vmk

· · ·
›Pkj

›Vrj

›Pkj

›Vmj

· · ·

" #t

E¼2 · · ·
›DImk

›xkj

›DIrk

›xkj

· · ·
›DImj

›xkj

›DIrj

›xkj

· · ·

" #t

F¼
›Pkj

›xkj

with

›DImk

›xkj

¼
2rkjxkj

ðr2
kj þ x2

kjÞ
2
½2akj cosðwkjÞVmj

þakj sinðwkjÞVrj

þa2
kjVmk

�2
r2

kj 2 x2
kj

ðr2
kj þ x2

kjÞ
2
½akj sinðwkjÞVmj

þakj cosðwkjÞVrj
2a2

kjVrk
� ð38Þ

›DIrk

›xkj

¼
2rkjxkj

ðr2
kj þ x2

kjÞ
2
½2akj cosðwkjÞVrj

2akj sinðwkjÞVmj

þa2
kjVrk

�2
r2

kj 2 x2
kj

ðr2
kj þ x2

kjÞ
2
½akj sinðwkjÞVrj

2akj cosðwkjÞVmj
þa2

kjVmk
� ð39Þ

›DImj

›xkj

¼
2rkjxkj

ðr2
kjþx2

kjÞ
2
½2akj cosðwkjÞVmk

2akj sinðwkjÞVrk
þVmj

�

2
r2

kj2x2
kj

ðr2
kjþx2

kjÞ
2
½2akj sinðwkjÞVmk

þakj cosðwkjÞVrk
2Vrj

�

ð40Þ

›DIrj

›xkj

¼
2rkjxkj

ðr2
kjþx2

kjÞ
2
½akjsinðwkjÞVmk

2akjcosðwkjÞVrk
þVrj

�

2
r2

kj2x2
kj

ðr2
kjþx2

kjÞ
2
½2akjcosðwkjÞVmk

2akjsinðwkjÞVrk
þVmj

�

ð41Þ

›DPkj

›xkj

¼
2rkjxkjakj

ðr2
kjþx2

kjÞ
2
½cosðwkjÞðVrk
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The line reactance value for the next iteration is given

by:

xðhþ1Þ
kj ¼xðhÞkj þDxðhÞkj ð43Þ
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5.1. Illustration example

In Fig. 4, suppose a TCSC connected between buses 3

and 4 to control the active power flow P34 at say, P
sp
34:

The linear system of equations related to the solution

algorithm step 1, presented in Ref. [8], is given by Eq.

(44) where:

DP34 ¼ P
sp
34 2 Pcalc

34 ð45Þ

6. Reactive limits at a generation bus model

The model commonly used for power flow studies

considers fixed reactive power limits for a synchronous

generator. This is an approximation since the reactive power

limits depend on the active power dispatch and the generator

operating voltage. A realistic representation of the generator

limits requires the determination of the capability diagram

for the synchronous generator [5].

In Ref. [5] is represented the maximum and minimum

limits for the reactive power generation taking into account

the maximum stator current, the rotor current limiter and

underexcitation limiter. Both salient pole and round rotor

generators can be represented.

The proposal of this paper is to model the generation bus

into a power flow program considering that the limits

obtained for the reactive power generation are voltage

dependent due to all the equipment limits modeled in

Ref. [5]. When the reactive power generation of a machine

connected at a bus k is within the range defined by the

maximum and minimum limits, the following equation is

introduced into the power flow program:

Vk ¼ Vnom ð46Þ

On the other hand, if the reactive power generation is

outside the limits, the following equation is introduced:

QGðkÞ
¼ Qlim ð47Þ

where Qlim is the maximum or minimum reactive power

generation limits which is violated in a given iteration.
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Fig. 4. Topology for TCSC control.
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This value for a generation bus k is determined from

the reactive power limits imposed by stator, rotor and

underexcitation, given by Eqs. (48)–(50), respectively [5]:

Qðmax;minÞ
est ¼ ^

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðSmax

k Þ2 2 P2
GðkÞ

q
ð48Þ

Qmax
rot ¼

2V2
k

xqðkÞ

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2

k ðE
max
qðkÞ

Þ2

x2
qðkÞ

2 P2
GðkÞ

vuut ð49Þ

Qmin
exc ¼

PGðkÞ

tgðdmax
k Þ

2
V2

k

xqðkÞ

ð50Þ

Eqs. (46) and (47) are linearized and the voltages

are expressed in rectangular coordinates. Thus, Eq. (46)

leads to:

DV 00
k ¼ Vnom 2 Vk ¼

Vrk

Vk

DVrk
þ

Vmk

Vk

DVmk
ð51Þ

Eq. (47) leads to:

DQ00
k ¼ QLðkÞ

þ Qk 2 Qlim ¼ 2DQk ð52Þ

The implementation procedure is similar to that used for the

conventional PV bus. Instead of using the voltage constraint

equation either one of Eqs. (51) and (52) is used depending on

the synchronous machine operating point.

6.1. Illustration example

In Fig. 1, suppose the reactive power generation limits

are considered for the synchronous machine connected at

bus 4, by assuming that the bus 3 is PQ type. The linear

system of equations related to the solution algorithm step 1,

presented in Ref. [8], is given by Eq. (53).

If the reactive power generation at bus 4 violates either

the maximum or minimum limits, the linear system of

equations related to the solution algorithm step 1, presented

in Ref. [8], is given by Eq. (54).

7. Computational aspects

The proposed formulation, by using the current injection

method written in rectangular coordinates, has the same

convergence characteristics of the conventional power flow

expressed in terms of power mismatches and written in polar

coordinates. This formulation has the advantage of present-

ing a highly sparse structure (augmented Jacobian) suitable

to the incorporation of FACTS devices and control of any

kind [8]. It is also very important to notice that in the absence

of control devices this formulation can be reduced to a ð2n £

2nÞ formulation as presented in Ref. [12]. As shown in

Ref. [12], the saving cpu time for the current injection

method is about 20% when compared to the conventional

power flow formulation.

The main advantage of this formulation lies on the

calculation of the matrix Yp, because its off-diagonal

elements are exactly the terms of admittance matrix bus

and the diagonal elements are calculated using non-

transcendental functions, even if load models other than

constant power are included.

8. Results

The proposed power flow control models were validated

through tests with the IEEE-118 buses and the Brazilian

South–Southeastern system. These systems have 118 buses
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and 186 circuits, and 1768 buses and 2527 circuits,

respectively.

8.1. IEEE-118 buses system

In order to validate the secondary voltage control model,

the generators at buses 74 and 76 were set to control the

voltage at the bus 75, in such a way that QGð76Þ
¼ 2:333QGð74Þ

:

The power flow solution was achieved in three iterations

with power mismatch less than 1.0 £ 10210 p.u. The results

of this simulation are shown in Table 1.

A SVC was included at the bus 93 in order to control the

voltage at the bus 102. This SVC was modeled by the

reference voltage (V0) equal to 1.00 p.u. and reactance slope

equal to 2%. Two kind of simulations were made, in the first

one, the maximum and minimum reactive generation

ðQmax
G ;Qmin

G Þ were set to be, respectively, 40.0 and

240.0 MVAr, and in the second simulation, the limits of

the reactive generation were set to be 50 and 250 MVAr.

Table 2 illustrates the results of these simulations, in both

cases the convergence was obtained in two iterations with

power mismatch less than 1.0 £ 1025 p.u. Note that with

reactive generation limits equal to 40.0 MVAr the SVC

operates as a capacitor.

For validating the TCSC model, a TCSC was placed

between the buses 50 and 57 with the objective of

controlling the active power flow between these buses.

Table 3 shows the results of three different situations,

without TCSC (base case), and with TCSC controlling the

power flow between the buses 50 and 57 in 40.0 and

50.0 MW. In all simulations the initial reactance was 9.66%

(equal to the base case). The convergence without TCSC

was obtained in two iterations and with TCSC was achieved

in four iterations with power mismatch less than

1.0 £ 1025 p.u. in all simulations.

8.2. Brazilian South–Southeastern system

It was considered a set of twelve P buses controlling

eleven PQV buses, in order to validate the remote voltage

control and secondary voltage control models. Each PQV bus

has its voltage magnitude controlled by a unique P bus,

except for the 483 bus that was controlled by 403 and 404

buses, in such a way that QGð404Þ
¼ 1:50QGð403Þ

:The power flow

solution obtained in five iterations and with power mismatch

less than 1.0 £ 1028 p.u. is shown in Tables 4 and 5.

A TCSC was placed between buses 958 and 2750 with

the objective of controlling the active power flow between

these buses in 32.29 MW. For this control the initial line

reactance was the same of the base case and the

convergence characteristics was achieved in five iterations

when the absolute value of the difference between the

specified and calculated active power flow was less than
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Table 1

Power flow solution, IEEE-118: two P buses controlling one PQV bus

P buses PQV bus

Number Generation

(MVAr)

Generation

(%)

Number Voltage

magnitude

Specified

voltage

74 43.54 30 75 1.000 1.000

76 101.59 70 75 1.000 1.000
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1.0 £ 1027 p.u. The results from the solution of the power

flow, with TCSC and with no TCSC are shown in Table 6.

It was included a SVC at bus 856 for controlling the

voltage magnitude at bus 1060, to validate the proposed

model for the static voltage compensator. This SVC was

modeled by the reference voltage (V0) equal to 1.00 p.u., and

the maximum and minimum reactive generation ðQmax
G ;Qmin

G Þ

equal to 0.75 and 20.75 p.u., respectively. Two different

situations were simulated corresponding to the slope

reactance (r ) equal to 2% (simulation I) and 5% (simulation

II). The results related to these simulations are shown in

Table 7, where the convergence characteristics were achieved

in five iterations, with the active and reactive power mismatch

less than 1.0 £ 1027 p.u. in both simulations.

Table 2

Power flow solution, IEEE-118: SVC

SVC bus PQV Bus

Num. Slope (%) Limits (MVAr) Generation (MVAr) Operation range Num. Calculated voltage Reference voltage (V0)

93 2.0 40.0 40.50 Capacitive 102 0.9916 1.000

93 2.0 50.0 41.97 Linear 102 0.9916 1.000

Table 3

Power flow solution, IEEE-118: TCSC

Case Bus Reactance (%) Active power flow

To From Initial Final Compensation MW Specified MW

No TCSC 50 57 9.660 9.660 – 35.882 –

With TCSC 50 57 9.660 9.541 0.119 40.000 40.0

With TCSC 50 57 9.660 2.503 7.157 50.000 50.0

Table 4

Power flow solution, Brazilian South–Southeastern system: P and PQV buses

P buses PQV buses

Number Generation

(MVAr)

Number Voltage magnitude Specified voltage

28 49.775 190 1.020 1.020

42 270.351 211 1.000 1.000

44 98.504 178 1.010 1.010

45 25.7751 151 1.000 1.000

48 21296.6 86 1.010 1.010

55 224.524 215 1.000 1.000

389 260.063 386 1.010 1.010

400 130.41 481 0.977 0.977

401 260.603 480 0.995 0.995

1500 28.2745 1526 1.020 1.020

Table 5

Power flow solution, Brazilian South–Southeastern system: two P buses controlling one PQV bus

P buses PQV bus

Number Generation (MVAr) Generation (%) Number Voltage magnitude Specified voltage

403 69.011 40 483 0.9780 0.9780

404 103.52 60 483 0.9780 0.9780
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The objective of these last simulations was to compare

the results obtained by using the conventional procedure for

the PV bus with those obtained by considering the proposed

formulation in which the reactive power limits are voltage

dependent. For this purpose the generator connected at bus

2052 is studied. The nominal values adopted for the power

factor and the voltage at this generator bus are 0.85 and

1.010 p.u., respectively. The active power generation is

adopted equal to zero, while the apparent power generation

is 0.165 p.u. The value of xq was set to 2% and the resistance

set to zero. The maximum continuous stator and rotor

currents were set 5 and 10% above respective nominal value

and the maximum load angle was set to 808. In the

conventional procedure the minimum and maximum

reactive power limits for the 2052 bus were fixed with the

values set to 217.3 and þ17.3 MVAr.

The results for several values of the reactive power load

for each formulation plus the simulations with no reactive

power limits are shown in Table 8. These results shown that

the proposed formulation presents violated voltages closer

of the specified for the problem than the conventional

formulation. The convergence characteristics in the both

formulation were achieved in six or seven iterations with

absolute power flow mismatch less than 1.0 £ 1027 p.u.

9. Conclusions

The augmented formulation is equivalent to the conven-

tional Newton–Raphson power flow regarding convergence

characteristics, but allows an easier incorporation of control

device models and power flow controls of any kind. This

formulation also directly incorporates more realistic model-

ing of power system components, such as, static var

compensators, TCSC and voltage control through multiple

reactive sources.

The studies performed so far indicate the proposed

formulation may become a valuable tool for solving present

Table 6

Power flow solution, Brazilian South–Southeastern system: TCSC

Case Bus Reactance (%) Active power flow

To From Initial Final Compensation MW Specified MW

No TCSC 958 2750 6.120 6.120 – 26.911 –

With TCSC 958 2750 6.120 0.877 5.243 32.290 32.290

Table 7

Power flow solution, Brazilian South–Southeastern system: SVC

SVC bus PQV bus

Number Slope (%) Generation (MVAr) Number Calculated voltage Reference voltage (V0)

856 2.0 46.200 1060 0.99076 0.997

856 5.0 19.819 1060 0.99009 0.997

Table 8

Power flow solution, Brazilian South–Southeastern system: reactive limits at a generation bus

PV bus Reactive generation (MVAr) Voltage magnitude (p.u.)

Reactive power

load (MVAr)

Proposed

formulation

Conventional

formulation

No reactive

power limits

Proposed

formulation

Conventional

formulation

No reactive

power limits

220.0 217,674 217,300 239,642 1,0304 1,0377 1,0100

210.0 217,519 217,300 229,642 1,0213 1,0287 1,0100

00.0 217,362 217,300 219,642 1,0122 1,0195 1,0100

10.0 29,6423 29,6423 29,6423 1,0100 1,0100 1,0100

20.0 0,3577 0,3577 0,3577 1,0100 1,0100 1,0100

30.0 10,358 17,300 10,358 1,0100 0,9909 1,0100

40.0 17,275 17,300 20,358 1,0071 0,9809 1,0100

50.0 17,107 17,300 30,358 0,9973 0,9707 1,0100

60.0 16,936 17,300 40,358 0,9873 0,9603 1,0100
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day power flow problems, where the proper consideration of

controls is becoming a key issue.
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