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Abstract— This paper presents a systematic
procedure based on Linear Matrix Inequalities
(LMI) for the simultaneous tuning of multiple
power system damping controllers. The method
directly solves for a low-order controller which
satisfies a frequency-domain robustness bound.
The design formulation involves a nonconvex op-
timization problem, which is solved iteratively
considering a set of linear matrix inequalities as
design constraints. Controller constraints such
as decentralization and positive realness (all ze-
ros in the left half-plane) can also be included
in the design. The paper illustrates the method
with an application to the design of two damp-
ing controllers for a small-scale system which
keeps some dynamic characteristics of the South-
Southeast Brazilian System.
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I. INTRODUCTION

HE purpose of this paper is to demonstrate

the use of an iterative LMI-based optimiza-
tion method to simultaneously design multiple low-
order power system damping controllers. The
method will be applied to the design of multiple
power system stabilizers in a 7-bus equivalent of
the power system model used in the initial plan-
ning studies of the Itaipu generation and AC trans-
mission complex. The system shows two lightly
damped inter-area modes that cannot be simulta-
neously controlled with a single PSS. This is a sit-
uation where controller coordination to avoid ad-
verse interactions must be carefully analyzed.

The method utilized in this paper belongs to a
class of H, optimization techniques. Recently, sev-
eral papers have discussed the use of H,, techniques
to design robust power swing damping controllers
[1], [2], [3]. It is shown that if the design is formu-
lated as a mixed sensitivity or a model-matching
problem using appropriate frequency weighting
functions, the controller can be readily solved using
available design packages. However, in the stan-
dard H., problem, a designer cannot directly im-
pose constraints on the controller. For example, the
order of the controller has to be equal to the system
order plus the order of the weighting functions, and
thus it may be much higher than desired or needed.
The controller may also have lightly damped poles
and may even be non-minimum phase. In applica-
tions involving several control channels, as in power
systems, it may be desirable to use a decentralized
control structure.

The design method used in this paper will allow
the designer to fix the order of the controller and
impose appropriate constraints on its structure. It
requires the control designer to select the controller
order and the controller poles, based on design con-
siderations such as controller bandwidth. For de-
sign problems with controller structural constraints
such as fixed-order controller, it is well known that
the design equation involves a biaffine matrix in-
equality (BMI) which is a non-convex programming
problem and cannot be solved in polynomial time.
In the proposed method, the BMI problem arising
from a controller parameterization is formulated as
a dual design which is solved as recursive sets of
LMIs. Although the method does not have global
convergence properties, it converges quite well to
local minima.

The proposed method has been applied to de-



centralized control design when the interactions be-
tween the controllers are low. In the 7-bus system
of this paper, it is anticipated that the control de-
sign including strong interactions between the con-
trollers, would be a more challenging design prob-
lem.

II. Low-ORrRDER H,, CONTROLLER DESIGN

Consider the linear time-invariant generalized
plant G/(s) with the state-space realization

ty = Agry+ Bjw+ Bypu
Zz = Cglwg —|— Dglzu (1)
Yy = Cgpay

where z, is the n-dimensional state variable vec-
tor, w is the my-dimensional disturbance and other
external input vector, z is the pj;-dimensional con-
trolled output vector, u is the mo-dimensional con-
trolled input vector, and y, is the py-dimensional
measured output vector.

The low-order H., controller design problem is
to find a control u = K (s)y, as shown in Figure 1,
such that the closed-loop transfer function from w
to z, denoted as 1., (s), is stable and its H., norm
satisfies

w G(s) z
U Yg
K(s)
Fig. 1. Low-Order H., Controller Design
[ Tow(8) [loo< v (2)

where v > 0 is a pre-specified constant, and K (s)
has the state-space realization

Apzr + By,
u = Cyrr+ Dy, (3)

Bp =

where zj is the n.-dimensional control vector, and
the controller order n,. is specified as n. < n.

We will consider the special case of a low-order
controller design in which the poles of the controller
are already known. In many control systems, a
designer may be able to specify the poles of the
controller quite readily, usually based on the con-
trol bandwidth specifications. With the poles fixed,
only the gains and the zeros of the low-order con-
troller need to be optimized. In this case, we put
the pair (A, Bg) in the controller canonical form
([8], p- 50), with the eigenvalues of Ay being the

desired poles. Then the low-order controller design
for the generalized system (1) can be reformulated
as an H,., static output-feedback control problem

of finding
u= { Cr Dy }y (4)

for the generalized system

T = Az -+ Byw+ Bsu
zZ = Cl$ + D12u (5)
y = CQ$
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such that the closed-loop system is stable and the
transfer function 7%, from w to z satisfies (2).
For convenience we assume that Cyy is of full row
rank and has the form

Cg2 = { Ip, 0 } (9)

If this is not the case, we can perform a state trans-
formation on z, such that (9) has the desired form.
The output feedback control (4) then becomes

o= laood % 2]
= {Ck Dy, 0}$:Fdw (10)

where F; = {Ck D, 0

strained state-feedback gain matrix whose last n —
po columns are identically zero.

The H,, structurally constrained feedback con-
trol problem of finding (10) for the generalized sys-
tem (5) to satisfy (2) is a non-convex programming
problem. There is no known closed-form solution to
the problem. We approach this problem by formu-
lating a dual design problem, resulting in an opti-
mization problem with quadratic matrix inequality
(QMI) constraints. The QMI optimization problem
can then be solved iteratively as an LMI problem.
Our approach is summarized in Theorems 1 and 2,
described below.

We assume that the generalized system (5) sat-
isfies the following assumptions:

} is a structurally con-



(A1) System (5) is stabilizable under the control
structure (10).

A—jwl By
A2
( ) [ Cl D12

] has full column rank for

all w.
(A3) Dy is of full column rank.

Theorem 1: [6] Suppose the generalized plant (5)
satisfies Assumptions (A1) - (A3) and Dy has the
Y
0
where U and V are unitary matrices and > is a
diagonal matrix. Then, for a given v > 0, if the
algebraic Riccati equation

VT

singular value decomposition Dy = U

ALX oo+ XA + XooR Xoo —Q, =0 (11)

admits a positive semi-definite matrix solution X,
where

Ay = A-By(DLDy) 'plcy (12)
R, = ~v7:BBl - By(DLDyy) B (13)

Qy = —CI(I = Dis(D{yD12) "' D)Cy (14)
and the structurally constrained feedback matrix
Fy (10) is chosen such that a dual system in the
packed matrix form satisfy

H l Atmp + B2Fy | By

H <y (15)

WFi—F) |0
where
Amp = A+772B1B] X, (16)
S, = xvT (17)

F = —(DLDy) Y (BI X, + DLC)(18)
then the controller u = Fyz (10) is a stabilizing
controller satisfying || .y |[co< v (2).

In Theorem 1, the H., design problem is to
find the control (10) by optimizing (15) instead of
| Tow |loo (2). Thus the optimization of (15) is
called a dual-design problem. The result of The-
orem 1 arises from the parametrization of all con-
trollers satisfying (2) having the structure Fy. Note
that the algebraic Riccati equation (11) arises from
an unconstrained H,, optimization problem and F
(18) is the desired full-state feedback control.

The optimization (15) can be formulated as a
QMI problem which is, in general, difficult to solve.
However, we introduce a free matrix parameter X
to form a second QMI problem which can be solved
as a sequence of LMI problems. The required de-
sign equations are stated in the following theorem.

Theorem 2: [6] If there exist M > 0, F; having
the structure (10), and X such that the QMI

, vy IMB, @®TsT
v~ IBI M —1 0 <0 (19
S, ® 0 —1

where B, = Bgsu_l, B, = BSBST7 and

, = A£M+MAF—XTB55M—MBSSX—|—XTB(55X)
20
S="F; - F+S;'S;TBIM, Ap = Aunp + BoF
21
then the control (10) satisfies || 1%y ||eo< 7y (2)( )

Theorem 2 is derived based on the bounded real
lemma [5]. The QMI (19) points to an iterative
approach to solve for Fy, namely, if X is fixed in
(20), then (19) reduces to an LMI problem for a
given « in the unknowns F; and M > 0. The LMI
problem is convex and can be solved, if a feasible
solution exists, using existing LMI solvers [7] which
use efficient interior point solution techniques. An
iterative design procedure is introduced in [6] in
which at every iteration, the trace of M is mini-
mized. Then X is set to M and the structure of Fy
is updated for the next iteration. When the itera-
tive algorithm converges, the controller parameters
C'y, and Dj can be obtained from Fj;. This itera-
tive method does not have global convergence, but
will converge if the initial full-state feedback solu-
tion F is close to a local solution. In addition, if
the method fails to converge, it does not necessarily
mean that there is no solution.

One of the major concerns with state-space de-
sign methods is that, in general, it is not possible to
directly impose constraints on the controller itself.
As a result, the design may provide a controller
having poles and zeros in the right half-plane, even
though a stable minimum-phase controller exists.
In the fixed-pole controller design, we can impose
constraints such as positive realness and decentral-
ized structure directly on the controller. For exam-
ple, if it is desired that the controller be positive
real, the LMI constraints [5]

ATP+ PA, PB,-CF
<0 22
Bfp—-c, —(Dy+DhH | = (22)
P=prT>0 (23)

can be added to the design formulation, where P is
an n. X n. positive definite matrix. Because A and
By, are already selected, (22) and (23) are linear in
the variables C, Dy, and P. Then the design pa-
rameters M, Fy = [ Cy Dy 0 ], X, and P need
to be selected to satisfy the inequalities (19), (22),



and (23). The resulting low-order controller will
then be minimum phase having no right-half-plane
zeros. This is an important point in power sys-
tem damping controller design because minimum-
phase lead-lag compensators have been shown to
provide good performance. If a decentralized con-
troller structure is desired, the controller matrices
Ap and Byj can be chosen to have an appropriate
block-diagonal form. In the LMI design, the corre-
sponding off-diagonal blocks in C and Dy can be
set to zero. This decentralized design will be used
in the paper.

III. DEsIGN RESULTS

This section presents the control design results
of the proposed algorithm to the system depicted
in Figure 2. The test system is a modified 7-bus
equivalent model of the Itaipu generation and AC
transmission complex presented in [4]. The reader
can refer to [4] for a description of the complete
system data.

The system presents a control design challenge,
as attempts to stabilize the system using only one
power system stabilizer fail. The reason for this
limitation is due to the presence of an unstable
right-half-plane zero that occurs in the single-input
single-output (SISO) transfer function from the
AVR reference voltage to the rotor machine speed
regardless of the generator considered. The solu-
tion to this problem is to consider the closure of a
second stabilizer channel. In the coordinated de-
sign, we remark that for achieving global controlla-
bility, one of the PSSs must be placed at the Itaipu
generator.

The modal analysis of the system indicates that
there are two interarea modes of interest. Mode 1
behavior has the Southeast (SE) equivalent system
oscillating against the Itaipu complex as shown in
the mode shape of Figure 3. Mode 2 behavior has
the South system (represented by Santiago, Seg-
redo and Areia) oscillating against the Southeast
together with Itaipu (Figure 4). The system also
presents two local modes of oscillation within the
Southern system, Mode 3 represents Areia and Seg-
redo oscillating against Santiago (Figure 5), and
finally Mode 4 which represents Areia oscillating
against Segredo (Figure 6).

Table 1 presents five cases, obtained from the
same transmission network configuration, where
the values of the reactances X5_g and Xg_7 (con-
necting Buses 5-6 and Buses 6-7) are varied. The
generator and load levels are the same in all cases.
Table I also shows the frequencies (Hz) and the
damping ratios (%) of Modes 1 and 2 in all five
system conditions. Regardless of the system con-
dition, both local modes (Mode 3 and Mode 4)
present a damping ratio of about 20% and os-
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Fig. 3. Rotor-Speed Mode Shape (Mode 1)

cillation frequency of 1.46 Hz. Case #5 shows
the weakest operating condition, due to the higher
impedance lines.

Based on the previous system description we as-
sume that there is one PSS at Segredo and another
at the Itaipu generator. Both stabilizers are con-
sidered for the coordinated design using the tech-
nique described in Section II. The reactances of
transmission lines 5-6 and 6-7 are considered as the
uncertainties in the model, and the design is based
on the system Case #5. Figure 7 shows the mul-
tivariable pole-zero map (Case #5) when consid-
ering PSSs, derived from rotor-speed, at Segredo
and Itaipu generators. Note that the zero loca-
tions allow damping enhancement for both inter-
area modes.

Two control designs are compared. Design #1



TABLE 1

s ‘ Mode 2 ‘ ‘ OPEN-LOOP OPERATING CONDITIONS
solid = Areia and Segredo
dashed = Santiago
dotted = Itaipu Case | X5_¢ | Xg_7 Mode 1 Mode 2
osl dashdot = SE # pll pll f(HZ) C(%) f(HZ) C(%)
1 0.39 | 0.57 0.86 -11.9| 0.94 3.8
2 0.50 | 0.57 0.86 -12.1 | 0.92 3.5
or 3 0.80 | 0.57 0.85 -12.7| 0.88 2.8
2z 4 0.39 | 0.63 0.84 -13.7| 0.93 4.0
el 5 0.39 | 0.70 0.80 -16.6 | 0.93 4.2
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was taken from [4], and Design #2 was obtained
by the LMI algorithm of this paper.
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tios (%) for the two least damped modes, which



turned out to be always the interarea Mode 1 and
either the local Mode 4 or the Itaipu exciter mode.
The latter mode is referred as Mode* in Table II.
The second and third columns of the table show
the damping ratios when the loop is closed with
controllers from Design #1. The fourth and fifth
columns give the damping ratios when the loop is
closed with controllers from Design #2.

TABLE 11
CrLosED-LooP SYsTEM DaMPING Ratios (%).

Case Design #1 Design #2
# | Model Mode* | Model Mode*
1 5.65 10.50 6.86 10.12
2 5.15 10.64 6.49 10.28
3 4.09 10.96 5.71 10.64
4 4.46 10.91 5.83 10.59
5 2.50 11.59 3.94 11.36

To assess the performance of both designs, mul-
tivariable root locus for varying gains of the two
stabilizers are shown in Figures 8 and 9. Figure 8
is obtained for the base case and Figure 9 is ob-
tained for the weakest case (Case #5). Note the
similar performances of both designs, which leads
to the conclusion that the LMI-based design for
third-order stabilizers has comparable performance
to the original design [4] (also of third order).
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IV. CONCLUSIONS

This paper presented a systematic power system
damping control design based on an iterative LMI
algorithm, which can accommodate a decentralized
control structure once the controller poles are fixed.
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Fig. 9. Root Contour when Varying Gains of the Two
Stabilizers at Configuration #5

The performance of the damping controllers de-
signed with the LMI algorithm was comparable to
those previously obtained through a more conven-
tional design [4], but of the same order.

It was left open for further investigations the in-
fluence of the controller order on system robustness
and performance.

REFERENCES

[1] M. Klein, L. X. Le, G. J. Rogers, S. Farrokpay and N. J.
Balu, “Hs Damping Controller Design in Large Power
System,” IEFE Transactions on Power Systems, Vol.
10, No. 1, pp. 158-166, February 1995.

[2] G. N. Taranto and J. H. Chow, “A Robust Fre-
quency Domain Optimization Technique for Tuning Se-
ries Compensation Damping Controllers,” IEFE Trans-
actions on Power Systems, Vol. 10, No. 3, pp. 1219-
1225, August 1995.

[3] Q. Zhao and J. Jiang, “Robust SVC Controller Design
for Improving Power System Damping,” IEFFE Transac-
tions on Power Systems, Vol. 10, No. 4, pp. 1927-1932,
November 1995.

[4] N. Martins and L. T. G. Lima, “Eigenvalue and Fre-
quency Domain Analysis of Small-Signal Electrome-
chanical Stability Problems,” IEEE Special Publication
on Figenanalysis and Frequency Domain Methods for
System Dynamic Performance, pp. 17-33, 1989.

[5] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan,
Linear Matriz Inequalities in System and Control The-
ory, STAM, Philadelphia, 1994.

[6] J.-K. Shiau, and J. H. Chow, “Robust Decentralized
State Feedback Control Design Using an Iterative Lin-
ear Matrix Inequality Algorithm,” Preprints of 13th
[FAC World Congress, Vol. H, pp. 203-208, 1996.

[7] P. Gahinet, A. Nemirovskii, A. J. Laub, and M. Chi-
lali, LMI Control Toolbox: For Use with MATLAB, The
MathWorks, Inc., 1995.

[8] T. Kailath, Linear Systems, Prentice Hall, New Jersey,
1980.



